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1. INTRODUCTION 
It is well known that the following statements are equivalent for a com- 
mutative Noetherian integral domain R. 
(a) Every ideal of R is a product of primes. 
(b) Every non-zero ideal of R is invertible. 
(c) For each maximal ideal M of R, the ring R, is a principal ideal 
domain. 
A domain satisfying the above equivalent characterisations is called a 
Dedekind domain. 
In the setting of non-commutative orders, the corresponding theory was 
axiomatised by Asano [2, 31 and further relined by Michler [t l] and 
Robson 1131. The starting point of this theory is condition (b) and indeed, 
in modern terms the rings considered by Asano can be thought of as prime 
Noetherian rings satisfying a polynomial identity and condition fb). 
However, while condition (a) is often taken to be the definition of a com- 
mutative Dedekind domain [ 10, p. 294; 15, p. 2701, its implications in 
non-commutative rings have not so far been studied. It is the aim of this 
paper to do so. One obstruction to following one of the standard proofs of 
the commutative theory is that if P, P, 1.. P, is an invertible product of 
prime ideals then it is not immediately clear that each Pi is individually 
475 
0021-8693/89 $3.00 
Copyright ?. 1989 by Academc Press. Inc. 
Ait rights oi reproduction rn any form reserred. 
476 CHATTERS AND HAJARNAVIS 
invertible. Indeed, the most one can say is that P, is right invertible and P,, 
is left invertible. We show here that one-sided invertibility is enough to 
ensure localisation (Proposition 3.2). By a recent result of Braun and War- 
field [4], this localisation is, in fact, two-sided. This enables us to reduce 
the problem to the local case which is settled in Lemma 3.3. Our main 
result (Theorem 4.3) states that a Noetherian pi ring in which every ideal is 
a product of prime ideals is a Dedekind prime ring. It is also a finitely 
generated module over its centre which is a Dedekind domain. We con- 
clude by discussing the non-prime case in Section 5. 
2. PRELIMINARIES 
All rings will be assumed to have an identity. Where relevant, the 
absence of the adjective right or left will imply that the condition holds on 
both sides. 
Let R be an order in a simple Artinian ring Q. Let I be an ideal of R. We 
define 
I+ = {qgQlZqsR} 
and 
I*= {qEQlqZGR}. 
Clearly I+ and I* are R-R bimodules. Also Z*Zs R and ZZI+ 2 R. 
The ideal Z is said to be right invertible if II+ = R, and left invertible if 
Z*Z= R. It is easy to see that if Z is invertible on both sides then I* = I+. 
This common value is then denoted by I- ‘. 
The ring R is called a Dedekind prime ring if it is Noetherian, hereditary, 
and every non-zero ideal is invertible. 
A result of Michler [ll, Theorem 3.51 shows that for rings with 
polynomial identity the hereditary property follows from the other remain- 
ing assumptions. 
Let Z be an ideal of a ring R. Then V(Z) will denote the set of all elements 
of R which are regular modulo I. In particular V(0) is the set of all regular 
elements of R. 
The term pi ring will mean a ring satisfying a polynomial identity. We 
note that if CE%(O) in a prime pi ring R then by a theorem of Amitsur 
[ 1, Theorem 71, CR contains a non-zero ideal of R. 
Let P be a prime ideal of a Noetherian ring R. If 5$‘(P) G V?(O) and R 
satisfies both left and right Ore conditions with respect to U(P) then we 
can form the two-sided localisation RP in which elements of W(P) are units. 
PR,= R,P is the Jacobson radical of R, and the ring R,/PR, is simple 
Artinian. 
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3. LOCALISATION AND THE LOCAL CASE 
We first address the problem of localising at a one-sided invertible 
maximal ideal. 
3.1. LEMMA. Let I he a right invertible ideal qf‘a prime right Noetherian 
ring R. !f’ I # R then n,:=, I” = 0. 
Proof: Suppose that n,;=, I” #O. Let c be a regular element in this 
ideal. Since c E I” we have c(Z’)” s Z’(Z+)’ G R and so (I+)” c c-lR for all 
n. It is easily seen that {(I+))“} is an ascending chain of right R-modules. 
Since R is right Noetherian, we have (I+ )” = (I+ )” + i for some k. It follows 
that I = R, which is a contradiction. Thus fi;-= , I” = 0. 1 
3.2. PROPOSITION. Let A4 he a right invertible maximal ideal of a prime 
Noetherian pi ring. Then R has the Ore condition with respect to V(M). 
Proof Let a, c E R with c E %?(M). By Lemma 3.1, we have 
n,:= , M” = 0. We also have V?(M) = %(M”) for all n since R/M” is an 
Artinian ring. Thus c E q(O). Now CR is an essential right ideal of the ring 
R. Since R is a prime pi ring, CR contains a non-zero ideal of R and so by 
[8, Theorem 1, p. 561, CR contains a central regular element. Hence we 
can choose a left invertible ideal A which is maximal among the left inver- 
tible ideals contained in CR. Suppose now that A GM. Since A c CR and 
CE%‘(M), we have A E CM. Therefore, AM+ c CR. But AM’ is an ideal, 
AM+ 2 A, and (MA*)(AM+) = R. By maximality of A we have AM+ = A. 
Hence M+ = R and A4 = R, which is a contradiction. Thus A GM. So 
A n V(M) # 0. Since aA G CR we have ac, = ca, for some a,, c, E R with 
c, Ed. Thus R has the right Ore condition with respect to V(M). 
The left Ore condition follows by a result of Braun and Warfield [4, 
Theorem A]. 1 
Recall that R is said to be a local ring if R/J is simple Artinian, where J 
is the Jacobson radical of R. 
3.3. LEMMA. Let R be a local Noetherian prime pi ring in which every 
ideal is a product of primes. Then R is a principal right and left ideal ring. 
Proof: Let J be the maximal ideal of R. Let I be a non-zero ideal of R. 
By Jategaonkar’s theorem ([9] or [S, Theorem 7.5]), n,“=, J”=O. So 
there exists an integer k such that I E Jk but I G Jk + ‘. We have I + Jk + ’ = 
P, P, . P,, where the Pi are prime ideals. Since Jk+ ’ E P,, each Pi must 
equal J and so I + Jk + ’ = J”. Since I @ Jk + i we have s < k and since 
I+ Jk+’ G Jk c J’ we must have I+ Jk + ’ = Jk. Thus [ J”/I] J= [J”/Z]. By 
Nakayama’s lemma, Jk/Z= 0 and so Jk c I. It follows that I= Jk. Thus 
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every non-zero ideal of R is a power of J. Now let c be a non-unit central 
regular element of R. Then CR = J” for some m. Thus J is an invertible 
ideal. By [7, Proposition 1.31, R is a principal right and left ideal ring. 1 
4. THE MAIN THEOREM 
4.1. LEMMA. Let R be a prime Noetherian pi ring in which every ideal is 
a product of primes. Let M be a right invertible maximal ideal of R. Then M 
is also left invertible. 
Proof: By Proposition 3.2 we may form the (two-sided) localisation 
R,. In R, every ideal is a product of primes. So by Lemma 3.3, R, is a 
principal right and left ideal ring. Let MR, =mR,, where mEM. It is 
easily seen that m is a regular element of R. So m ~ ‘M E R,. Now rn- ‘M 
is a finitely generated right R-module. So there exist q,, q2, . . . . qn E R, such 
that m-‘M=q,R+ ... + q,R. Since q, = c; ‘ai for some a;, C,E R with 
ci E V(M), repeated use of the left Ore condition gives an element c E V(M) 
such that m-‘Mz c-‘R. Thus cm-‘MG R. But 
cm -‘MsM=s-cm-‘MR,GMR, 
*cm -lER, since MR, is a principal left 
ideal with a regular generator 
=>cER,mnRcM, 
which is a contradiction. 
So cm -‘M c R but cm ~ ‘M @M. Now since M is maximal, either 
M*M= M or M*M= R. The above shows that M*M @M. Thus 
M*M = R and M is left invertible. 1 
4.2. LEMMA. Let R be a prime Noetherian pi ring in which every ideal is 
a product of maximal ideals. Then R is a Dedekind prime ring. 
Proof. We shall first show that every invertible ideal of R is a product 
of invertible maximal ideals. Let A be an invertible ideal of R. Then 
A=M,M,... M,, where each Mi is a maximal ideal. Then M, is right 
invertible and by Lemma 4.1 also left invertible. So ML ‘A = M2 . . . M,. As 
above M2 is also invertible and proceeding this way, each Mj is invertible. 
Now let M be a maximal ideal of R. Since M contains a central regular 
element, by above M contains a product of invertible maximal ideals. Since 
M contains one of them, M is invertible. An elementary argument now 
shows that every non-zero ideal of R must be invertible. 1 
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4.3. THEOREM. Let R he a prime Noetherian pi ring in which every ideal 
is a product of prime ideals. Then 
(i) R is a Dedekind prime ring, 
(ii) R is a,finite module over its centre which is a Dedekind domain. 
ProoJ: Suppose that (i) is false. Then by Noetherian induction we may 
assume that R is a counterexample but every proper prime factor ring of R 
is a Dedekind prime ring. Then by Lemma 4.2, R has a maximal ideal A4 
and a prime ideal P with M 13 P # 0. Let n be a positive integer. We have 
P + M” = T, T, ... T,s, where the T, are prime ideals. Clearly T, = M for 
all i. So P+ M” = M”. Let bars denote images in RIP = R. By hypothesis 
W is a Dedekind prime ring and A” = ii;r”. Since ii;i # K we have n = s by 
[ 13, Corollary 2.21. 
Thus P + M” = M” and P c M” for all n. Hence P s n;=, M”. But i? is a 
Dedekind prime ring and so f-j;=, &?” = 0 by [7, Corollary 2.21. It follows 
that P = n;=, M”. Thus M contains a unique non-zero prime. But M has 
height at least 2 and so by [ 12, Theorem 1.11 contains infinitely many 
height 1 primes. This is a contradiction. Thus no counterexample xists and 
R is a Dedekind prime ring proving (i). 
Part (ii) follows from [3, Satz 6.31. 1 
5. CONCLUDING REMARKS 
Theorem 4.3 is false for rings without a polynomial identity. Example 7.3 
of Robson [ 143 is a Noetherian integral domain with a unique non-zero 
ideal. 
A commutative Noetherian ring in which every ideal is a product of 
prime ideals is a direct sum of Dedekind domains and Artinian principal 
ideal rings [6, Theorem 39.21. The corresponding result is false in the non- 
commutative case. Let R = [t s$$ 1. Then R is a Noetherian pi ring in 
which every ideal is a product of primes. R is an indecomposable ring 
which is neither prime nor Artinian. However, we do have a splitting 
theorem in the semi-prime case. 
5.1. THEOREM. Let R be a semi-prime Noetherian pi ring in which every 
ideal is a product of primes. Then R is a finite direct sum of Dedekind prime 
rings. 
Proof: Assume that R is an indecomposable ring. Let P,, P,, . . . . P, be 
the minimal primes of R and suppose that n 3 2. If P, + I(P,) # R then 
P, + /(PI)& M, where M is a maximal ideal of R. As in the proof of 
Theorem 4.3, we can show that n,:=, M” is the unique prime ideal con- 
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tained in M. Now P, . P, E I( P,) E A4 so P, c A4 for some j 3 2. Also 
P, c M and P, # Pi. This is a contradiction and so P, + l(P,) = R. Since R 
is a semi-prime this sum is direct. By assumption neither P, nor I(P,) is 
zero. This is a contradiction once again. Therefore n = 1, P, = 0, and R is a 
prime ring. 1 
Finally, the example [,” 2 ] shows that an Artinian ring in which every 
ideal is a product of prime ideals need not be a principal ideal ring. 
The authors have also obtained results in the non-Noetherian case. They 
rely upon the Noetherian case treated in this paper and will appear in a 
later article. 
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